Two families of symmetry-preserving reversible integer-to-integer wavelet transforms are introduced. Briefly, we explain how transforms from these families can be used in conjunction with symmetric extension in order to handle signals of arbitrary length in a nonexpansive manner (which is often a desirable attribute in signal coding applications). The characteristics of the two transform families and their constituent transforms are then studied. For the more constrained of the two families, we identify precisely which transforms belong to the family (by specifying properties and conditions for membership). Such results might be exploited in the filter bank design process in order to find new symmetry-preserving reversible integer-to-integer wavelet transforms for signal coding applications.
INTRODUCTION
Lifting-based reversible integer-to-integer wavelet transforms [1, 2] have become a popular tool in signal coding applications. In such applications, however, it is often desirable to employ transforms that preserve symmetry. For example, symmetry-preserving transforms have the advantage of being compatible with symmetric extension techniques, allowing signals of arbitrary length to be handled in a nonexpansive manner [3] . (As a matter of terminology, a transform is said to be nonexpansive if its application to a signal of length always yields a result that can be completely characterized by no more than transform coefficients.) Fortunately, using the lifting scheme, one can construct transforms that are not only reversible and integer to integer, but also symmetry preserving (and nonexpansive).
In this paper, we introduce two families of symmetry-preserving reversible integer-to-integer wavelet transforms. Then, we proceed to study the characteristics of these families and their constituent transforms. In the case of the more constrained family, several interesting results are presented, which provide new insights into the transforms belonging to this family.
NOTATION AND OTHER PRELIMINARIES
Before proceeding further, a short digression concerning the notation used in this paper is appropriate. One can show that a rounding operator cannot be both odd and integer-shift invariant [4] . In passing, we note that the floor and ceiling functions are integer-shift invariant (but not odd), while the c d and functions are odd (but not integer-shift invariant). All rounding operators considered in this paper are tacitly assumed to be memoryless, time invariant, and leave integer values unchanged. Any (reasonable) rounding operator will preserve signal symmetry (but not necessarily signal antisymmetry), while any odd rounding operator will preserve both signal symmetry and antisymmetry.
TRANSFORM FAMILIES
In this paper, we consider two families of symmetry-preserving reversible integer-to-integer wavelet transforms. Both are derived from the lifting-based parameterizations of linear-phase filter banks presented in [5] , and have the general form shown in Fig. 1 ) that are all or mostly symmetric/antisymmetric.
The first family of reversible integer-to-integer wavelet transforms is associated with a linear-phase filter bank having oddlength analysis/synthesis filters, and has been described in [5] . For convenience, we will refer to this as the odd-length analy- The second family of reversible integer-to-integer wavelet transforms is associated with a linear-phase filter bank having evenlength analysis/synthesis filters, and has been described in [5] . For convenience, we will refer to this as the even-length analysis/synthesis filter (ELASF) parameterization. In this case, the lifting step filters are chosen to have transfer functions of the form: (e.g., as in [6] ). Such a choice, however, is overly restrictive.)
TRANSFORMS AND SYMMETRIC EXTENSION
In the previous section, we introduced the OLASF and ELASF families of reversible integer-to-integer wavelet transforms. Now, we briefly explain how transforms from these two families can be used with symmetric extension in order to handle signals of arbitrary length in a nonexpansive manner.
Consider a filter bank of the form shown in Fig. 1 ) . With this choice of extension, one can show (e.g., as in [7] ) that the . In either case, a total of samples is required, and the resulting transform is, therefore, nonexpansive.
Consider a filter bank of the form shown in Fig. 1 ) . With this choice of extension, one can show (e.g., as in [7] ) that the . In either case, regardless of the parity of , a total of samples is required, and the resulting transform is, therefore, nonexpansive.
OLASF FAMILY
Any perfect-reconstruction (PR) linear-phase FIR (2-channel) filter bank with odd-length analysis/synthesis filters has a corresponding OLASF parameterization, provided that the analysis and synthesis filters are normalized appropriately (via a scaling and shift of their impulse responses). (For example, the lowpass and highpass analysis filters must have impulse responses centered about P and R i , respectively.) The proof is constructive by a matrix Euclidean algorithm (e.g., by using an algorithm based on that described in [8] ).
ELASF FAMILY
Only a subset of all PR linear-phase FIR (2-channel) filter banks with even-length analysis/synthesis filters have corresponding ELASF parameterizations. Moreover, this subset is quite small, as there are many such filter banks that cannot be realized in this way. In what follows, we examine some of the characteristics of transforms in the ELASF family, and in so doing, demonstrate some of the reasons for the incompleteness of this parameterization.
Transform Properties
Consider the linear version of a filter bank of the form shown in Fig. 1(a) that is constrained to be of the ELASF type as defined by (2) 
is odd. Thus, as had been suggested earlier, ~ i s an even-length filter.
For convenience, let us denote the first and second terms in the expression for is odd. Thus, as had been suggested earlier, is an even-length filter.
The above results are significant as they show that , we can make one further observation regarding the analysis filters. That is, except in the degenerate case in which all of the u w W v @ 2 5 4 7 6 x are identically zero, the analysis filters cannot have the same length. To see why this is so, we proceed as below.
Since, by assumption, at least one of the
is not identically zero, property 4 of . In the first case, we have from (5) and (6) (7) and (8) , has the same general form as the original one. In other words, the new filter bank also has a symmetry-preserving reversible integer-to-integer implementation (which belongs to the ELASF family). The above result is practically useful, since, in some cases, the "transposed" filter bank (i.e., the one with the analysis and synthesis filters swapped) may also be effective for coding purposes.
CONCLUSIONS
Two families of symmetry-preserving reversible integer-to-integer wavelet transforms were introduced (i.e., the OLASF and ELASF families), and we explained how transforms from these families can be used in conjunction with symmetric extension in order to handle signals of arbitrary length in a nonexpansive manner. The characteristics of the two transform families and their constituent transforms were then studied. For the more constrained of the two families, we characterized the transforms belonging to this family. That is, we showed that: 1) such transforms are associated with analysis filters having transfer functions of a highly structured form; 2) the DC and Nyquist gains of the analysis filters are fixed, independent of the choice of lifting step filters; and 3) if a particular filter bank is associated with a transform in the ELASF family, then so too is its "transposed" version. By better understanding the characteristics of this family of transforms, one can hope to better utilize this family in signal coding applications.
